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TheCoulombproblem,whichcorrespondstomo-
tioninapotentialthatvariesasr¡1,hasape-
culiarsymmetrywhichleadstoaphenomenon
knownasa`ccidental'degeneracy.Thiscurious
featureexistsbothintheclassicalandquan-
tum domainandisbestunderstoodbystudy-
ingamoregeneralpotentialandobtainingthe
Coulombproblem asalimitingcase.
Themotionofaparticleinanattractive¡(1=r)poten-
tialisofhistoricalandtheoreticalimportance.Thefact
thattheclassicalboundorbitsinsuchapotentialare
elipsesplayedacrucialroleinthehistoricalstudyof
planetarymotionandgravity.TheCoulombpotential,
ontheotherhand,playedacrucialroleintheearlydays
ofquantumtheoryinthestudyofhydrogenspectra.In
boththecases,itwassoonrealizedthatthe(1=r)po-
tentialhassomeveryspecialfeaturesnotsharedbya
genericcentralpotential.Inthisinstalment,wewil
investigateseveralaspectsofthisproblemfromboth
classicalandquantumperspectives.
Itturnsoutthatanicewayofundersandingthepecu-
liarfeaturesoftheCoulombproblemistostartwitha
slightlymoregeneralpotential{whichdoesnothave
thesepeculiarfeatures{andtreattheCoulombprob-
lemasaspecialcaseofthismoregeneralsituation.This
canbedoneinmanydi®erentwaysandIwilchooseto
studythedynamicsundertheactionofthepotential
givenby
U(r)=¡
®
r
+
¯
r2
; (1)
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which,ofcourse,reducestotheattractiveCoulombpotentialwhen¯!0+.For
thesakeofde¯niteness,Iwiltake®>0and¯¸0thoughmostoftheanalysis
canbegeneralizedtoothercases.
Classicalmotionofaparticleofmassm,in3-dimensions,undertheactionof
U(r)isstraightforwardtoanalyzeusingthestandardtextbookdescriptionofa
centralforceproblem.Justforfun,Iwildoitinaslightlydi®erentmanner.We
knowthat,aswithanycentralforceproblem,angularmomentumJisconserved,
con¯ningthemotiontoaplanewhichwewiltaketobeµ=¼=2.UsingJ=
mr2_Á,theenergyoftheparticlecanbeexpressedas
E=
1
2
m
µ
_r2+
J2
m2r2
¶
¡
®
r
+
¯
r2
: (2)
Combiningthetwotermswith(1=r2)dependenceintoC2=r2,whereC2=
(J2=2m)+¯andcompletingthesquare,wegettherelation
E+
®2
4C2
=
1
2
m_r2+
µ
C
r
¡
®
2C
¶2
´E2: (3)
Thissuggestsintroducingafunctionf(t)viatheequations
r
m
2
_r=Esinf(t);
µ
C
r
¡
®
2C
¶
=Ecosf(t): (4)
Di®erentiatingthesecondequationwithrespecttotimeandusingthe¯rstequa-
tionwilgiveyouanexpressionfor_f.Dividingthisexpressionby_Á=J=mr2
leadstothesimplerelation(df=dÁ)=(2mC2=J2)1=2.Hence,fisalinearfunc-
tionofÁandfromthesecondequationin(4)wegettheequationforthetrajectory
tobe
(2C2=®)
r
=1+
µ
2EC
®
¶
cos(!Á); (5)
where
!2=
2m
J2
C2=
µ
1+
2m¯
J2
¶
: (6)
Nowthatwehavesolvedtheproblemcompletely,letuslookatthepropertiesof
thesolution.Tobeginwith,letusaskwhatkindoforbitwewouldexpectgiven
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theknownsymmetriesoftheproblem.Aparticlemovingin3spacedimensions
hasaphasespacewhichis6-dimensional.Foranytime-independentcentral
force,wehaveconstancyofenergyEandangularmomentumJ.Conservationof
thesefourquantities(E;Jx;Jy;Jz)con¯nesthemotiontoaregionof6¡4=2
dimensions.Theprojectionofthisphasespacetrajectoryontoxy-planewil,in
general,¯latwo-dimensionalregionofspace.Soyouwouldexpecttheorbitto
l¯a n¯itetwo-dimensionalregionofthisplane,iftherearenootherconserved
quantities.Thisispreciselywhathappensforagenericvalueoftheconserved
quantitiesJandE.Because!wilnotbeaninteger,whenÁchangesby2¼,the
cosinefactorwilpickupatermcos(2¼!)whichwilnotbeunity.Ingeneral,
theorbitwil¯ la2-dimensionalregionintheplanebetweentworadir1andr2.
WecannowseehowtheCoulombproblembecomesratherspecial.Inthiscase,
wehave¯ =0making!=1.Thecurvein(5)closesonitselfforanyvalue
ofJandEand,infact,becomesanelipsewiththelatus-rectump=(2C2=®)
andeccentricitye=(2EC=®).Youshouldverifythatthisisindeedthestandard
textbooksolutiontotheKeplerproblem.Sowhen¯=0;!=1,theorbit
closesandbecomesaone-dimensionalcurveratherthan l¯inga2-dimensional
region.Thisanalysisshowshowturningonanon-zero¯ completelychangesthe
topologicalcharacteroftheorbit.
Intheargumentgivenabove,welinkedthenatureoftheorbittothenumber
ofconservedquantitiesforthemotion.Giventhefactthat¯ =0reducesthe
dimensionoftheorbitalspacebyone,weexpecttohaveonemoreconserved
quantityintheproblemwhen¯ =0butnototherwise.Todiscoverthisconstant,
considerthetimederivativeofthequantity(p£J)inanycentralforcef(r)^r.
Wehave
d
dt
(p£J)= _p£J=
f(r)
r
r£(r£m_r)
=
mf(r)
r
[r(r¢_r)¡_rr2]
= ¡mf(r)r2
d
dt
³r
r
´
: (7)
Thatis,
d
dt
(p£J)=¡mf(r)r2d^
r
dt
; (8)
where^ristheunitvectorintheradialdirection.Themiracleofinversesquare
forceisnowinsight:Whenf(r)r2=constant=¡®,we¯ ndthatthevector
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(caledRunge{LenzvectorthoughitwasoriginalydiscoveredbyHamilton!):
A´p£J¡®m^r (9)
isconserved.Butweneededonlyoneconstantofmotionwhilewenowhavegot
3componentsofAwhichwilpreventtheparticlefrommovingatal!Suchan
overkilisavoidedbecauseAsatis¯esthefolowingtwo,easilyveri¯ed,relations:
A2=2mJ2E+®2m2; A:J=0; (10)
whereE=p2=2m¡®=ristheconservedenergyforthemotion.The¯rstrelation
telsyouthatthemagnitudeofAis¯xedintermsofotherconstantsofmotion
andthesecondoneshowsthatAliesintheorbitalplane.Thesetwoconstraints
reducethenumberofindependentconstantsinAfrom3to1,exactlywhatwe
needed.Itisthisextraconstantthatkeepstheplanetonaclosedorbit.
Theultimatetestofouranalysisiswhetherwecan n¯dtheorbitin(5)forthe
caseof¯ =0withoutintegratinganydi®erentialequation.Thisis,ofcourse,
true.To n¯dtheorbit,weonlyhavetotakethedotproductof(9)withthe
radiusvectorrandusetheidentityr:(p£J)=J:(r£p)=J2.Thisgives
A:r=ArcosÁ=J2¡®mr; (11)
or,inamorefamiliarform,theconicsection:
(J2=®m)
r
=1+
A
®m
cosÁ: (12)
AsabonusweseethatAisinthedirectionofthemajoraxisoftheelipseand
itsmagnitudeisessentialytheeccentricityoftheorbit:e=A=®m.Forthis
reason,A=m®iscaledtheeccentricityvector.
HavingdevelopedaltheseformalismsstartingfromU(r)in(1)wecanclosethe
circlebyaskingwhathappenstotheeccentricityvectorwhenweadda¯ =r2term.
Obviously,ifyouadda1=r3componenttotheforce,(whichcanarise,forexample,
fromthegeneralrelativisticcorrectionstoNewton'slawofgravitationorbecause
theSunisnotsphericalandhasasmalquadrupolemoment)JandEarestil
conservedbutnotA.Iftheperturbationissmal,itwilmakethedirectionofA
slowlychangeinspaceandwewilgeta`precessing'elipse,whichwilofcourse
l¯a2-dimensionalregion.Forthepotentialin(1)we¯ nd,using(8),thatthe
rateofchangeofRunge{Lenzvectorisnowgivenby_A=¡(2¯m=r)(d=dt)(r=r).
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Thechange¢Aperorbitisobtainedbyintegrating_Adtovertherange(0;T),
whereTistheperiodoftheoriginalorbit.Doingoneintegrationbypartsand
changingthevariableofintegrationfromttothepolarangleÁ,weget¢Aper
orbittobe
¢A
¯¯
orbit=¡2¯m
Z2¼
0
r
r3
dr
dÁ
dÁ: (13)
Letustakethecoordinatesystemsuchthattheunperturbedorbitoriginaly
hadApointingalongthex-axis.Afteroneorbit,a¢Aycomponentwilbe
generatedandthemajoraxisoftheelipsewouldhaveprecessedbyanamount
¢Á=¢Ay=A.The¢Aycanbeeasilyobtainedfrom(13)byusingy=rsinÁ,
convertingthedependentvariablefromrtou=(1=r)andsubstituting(du=dÁ)=
¡(A=J2)sinÁ(whichcomesfrom(12)).Thisgivestheangleofprecessionper
orbittobe
¢Á=¢
Ay
A
=2¯
m
A
Z2¼
0
sinÁd
u
dÁ
dÁ=¡2
¼¯m
J2
: (14)
Sincewehavetheexactsolutionin(5),youcaneasilyverifythatthisisindeed
theprecessionoftheorbitwhen =¯r2istreatedasaperturbation.TheRunge{
Lenzvectornotonlyalowsustosolvethe(1=r)problem,buteventelsushow
anr¡2perturbationmakestheorbitprecess!
Wewilnextconsiderthequantumversionofthesameproblem.Inthiscase,we
r¯stneedtosolvetheSchrÄodingerequationforthepotentialin(1).Itturnsout
thatthisisindeedpossibleandtheanalysisproceedsexactlyasinthecaseofnor-
malhydrogenatomproblem.Oncetheangulardependenceisseparatedoutusing
thestandardsphericalharmonicsY`m(µ;Á),theradialpartofthewavefunction
R(r)wilsatisfythedi®erentialequation
R0+2
r
R0+2
m
~2
½
E¡ ~
2
2mr2
(``+1)¡
¯
r2
+
®
r
¾
R=0; (15)
wheretheprimedenotesderivativewithrespecttorandE(<0)istheenergy
eigenvalue.Introducinganewvariable½by½=2(¡2mE)1=2r=~andtwonew
constantssandnby
s(s+1)´
2m¯
~2
+ (``+1); n´
®
~
µ
m
¡2E
¶1=2
; (16)
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theradialequationcanberewrittenas:
d2R
d½2
+
2
½
dR
d½
+
µ
¡
1
4
+
n
½
¡
s(s+1)
½2
¶
R=0: (17)
Thisequationisidenticaltothestandardradialequationforthehydrogenatom
asyoucanascertainbycheckingitupinanystandardtextbook.Thequantization
conditionforenergylevelsnowfolowsinastraightforwardmannerandyouwil
n¯dthatp´(n¡s¡1)mustbeapositiveintegerorzeroforwel-behaved
solutionstoexist.(Thesistakentobethepositiverootofthequadraticequation
in(16).)Thisalowsustoobtaintheenergylevelstobe
¡E=
2®2m
~2
(
2p+1+
·
(2`+1)2+
8m¯
~2
1¸=2
)¡2
: (18)
Inthequantummechanicalcase,thisisthekeyresultweareaftersincethere
arenoorbitstobedetermined.
Itisagainclearthatthenatureofenergylevelschangesdependingonwhether
¯=0or¯ 6=0.When¯6=0we¯ ndthattheenergylevelsdependbothonp
and .`Thatis,ifwekeepp¯ xedandchange`,theenergyofthestatechanges
becauseitdependsonboththequantumnumbers.Ontheotherhand,when
¯=0,(16)telsusthats= .`Therefore,thefactorinsidethecurlybracketin
(18)reducesto
(2n¡2l¡2)+1+(2`+1)=2n: (19)
Inthislimit,theenergydependsonlyontheprinciplequantumnumbernand
becomesindependentoftheangularquantumnumber`.Thestateswithsame
nanddi®erent` becomedegeneratewhichistheoriginofthephrase`accidental
degeneracyoftheCoulombpotential'.Inaway,thisissimilartotheclassical
orbitsclosinginthecaseof¯ =0.AsIsaidbefore,startingfromthepotential
in(1),solvingtheproblemcompletelyandthentakingthelimitof¯ !0helps
ustodistinguishsucha`ccidental'resultsfrommoregenericresults.
IntheclassicalCoulombproblem,wecould n¯dtheorbitpurelyalgebraicaly
usingtheRunge{Lenzvectorwithoutsolvingadi®erentialequation.Canwe
dothesamethinginthecaseofquantummechanics?Canwe¯ ndtheenergy
levelsofthehydrogenatomwithoutexplicitlysolvingtheSchrÄodingerequation?
Itturnsoutthatthisisindeedpossibleaswas¯ rstshownbyPauliin1926.
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Unfortunately,theoperatoralgebrawhichisinvolvedisfairlyintenseandhence
Iwiljustindicatethe°owoflogic.(Onegoodplacetolookupthedetailsofthe
algebraisin[1].)
Webeginbyde¯ninganoperatorM =A=m correspondingtotheclassical
Runge{Lenzvector(dividedbymforconvenience).Classicalyp£J=¡J£p;
butthisisnottrueinquantummechanicsbecauseofthenontrivialcommutation
relation.Hencetheappropriateoperatorneedstobede¯nedas
M =
1
2m
(p£J¡J£p)¡®
r
r
; (20)
whereeachtermisnowanoperator.Byexplicitcomputation,youcanverify
thatthefolowingidentitiesaresatis¯ed:
[M;H]=0; J¢M =M¢J (21)
and
M2=®2+
2H
m
(~2+J2): (22)
Youcaneasilyseethecorrespondencebetweentheseoperatorrelationsandthe
classicalpropertiesoftheRunge{Lenzvectorgivenby(10).Furtherwehavethe
commutationrules,whichcanbedirectlyobtainedfromthede¯nition:
[Ji;Jj]=i~²ijkJk; [Mi;Jj]=i~²ijkMk; [Mi;Mj]=¡2i(~=m)H²ijkJk:(23)
The¯ rstoneisstandard;thesecondre°ectsthefactthatthecomponentsofM
behaveasavectorunderspatialrotations.Therealynontrivialoneisthethird
commutationrulewhich{byaseriesofmanipulations{alowsustodeducethe
eigenvaluesofH.Iwilnowoutlinethisprocedure.
We¯rstnotethat,sinceH;M;Jareconstants(inthesensethattheyalcommute
withtheHamiltonian),wecancon¯neourselvestoasub-spaceofaHilbertspace
thatcorrespondstoaparticulareigenvalueE(<0)oftheHamiltonianH.Inthat
casewecanreplaceHbyitseigenvalueinthethirdcommutationrelationsin(23).
WethenrescaleM byM0´(¡m=2E)1=2M sothatthelasttwocommutation
relationsin(23)canbeexpressedintheform
[Mi;Jj]=i~²ijkMk;
£
M0i;M0j
¤
=i~²ijkJk; (24)
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showingthattheyconstituteaclosedset.Thissetcanbeseparatedbytheusual
trickofde¯ningtwootheroperatorsI=(1=2)(J+M0);K=(1=2)(J¡M0)which
wilsatisfythecommutationrelations:
[Ii;Ij]=i~²ijkIk;
£
K0i;K0j
¤
=i~²ijkKk; (25)
withothercommutatorsvanishing.Fromourknowledgeoftheangularmomen-
tumoperators,weknowthatthespectraofI2andK2aregivenbyj(j+1)~2;k(k+
1)~2where(j;k)=0;1=2;1::ButsinceI2¡K2=J¢M =0,weonlyneedto
considerthesubspacewithj=k.Thentheoperator
(1=2)(J2+M02)=(1=2)(J2¡(m=2E)M2)=¡m®2=4E¡(1=2)~2; (26)
(wherethelastrelationarisesfrom(22))wilhavethespectrum2k(k+1)~2.We
thusseethatEisquantizedintheform:
E=¡
m®2
2~2(2k+1)2
; (27)
whichisthestandardresult.(Iwilleaveittoyoutoprovethatwealsogetthe
standardresultforthespectrumofJ2.)So,onceagain,theexistenceofanextra
conservedquantityalowsustosolvetheproblemcompletely.
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